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第三十四届中国数学奥林匹克 ..

ᡀ 䜭

.2018 ᒤ 11 ᴸ

第一天

1. ճ௦඘ਁᆠ a, b, c, d, e ≥ −1 ய a+ b+ c+ d+ e = 5 的ಬ数. ௐ

S = (a+ b)(b+ c)(c+ d)(d+ e)(e+ a)

ᆫӖᄔރᆫ໌ᄔ.

解法一 ຕௐᆫ໌ᄔ ď١ Đڅ

ď1Đయ a+ b, b+ c, c+ d, d+ e, e+ a ᄯ୾一ّؕ数ēϢಁ־ a+ b < 0ē႕ a+ b ≥ −2ē

(b+ c)(c+ d)(d+ e)(e+ a) ≤
(
10− a− b

4

)4

≤ 81

Ҷ֗ၐ಴ ≥ −162.

ď2Đయ a + b, b + c, c + d, d + e, e + a ᄯ୾ 3 ّؕ数ē႕ 3 ّؕ数࢈ ≥ −2ēখෳ 2 ّׄؕ数ᄍۤ ≤ 16ē

ڃ 2 ّׄؕ数ᄍݲ ≤ 64ēҶ֗ၐ಴ ≥ −512.

ရມ௶ a+ b, b+ c, c+ d, d+ e, e+ a Ϣટ௦ؕēڃၐ಴ ≥ −512ēӲ a = b = c = d = −1, e = 9 ನ௜ԉ.

ၼௐᆫӖᄔ

ď1Đయ a+ b, b+ c, c+ d, d+ e, e+ a นჾē႕ၐ಴࢈ ≤
(
2a+ 2b+ 2c+ 2d+ 2e

5

)5

= 32.

ď2Đయ a+ b, b+ c, c+ d, d+ e, e+ a ᄯ୾ 3 ّჾ数ēߜ a+ b, b+ c, c+ d, d+ e, e+ a ૦ю一ّၕᄻē႕Ρ

ပ 2 ّჾ数Ϣອঃ.

Ϣಁ־ a+ b, c+ d > 0ē႕ a+ b+ c+ d = 5− e ≤ 6ēҶ֗ (a+ b)(c+ d) ≤ 9.

ရມ௶ a+ b, b+ c, c+ d, d+ e, e+ a ∈ [−2, 8]ēڃၐ಴ ≤ (−2)2 × 9× 8 = 288.

ď3Đయ a+ b, b+ c, c+ d, d+ e, e+ a ᄯ୾一ّჾēϢಁ־ a+ b > 0ēဎ (b+ c) + (d+ e) ≤ 0 ᄉ a ≥ 5ē

ဎ e ≥ −1ēᄉ e+ a ≥ 4ē਑ջ.

ᆘ౨ēၐ಴ ≤ 288ēӲ a = b = c = −1, d = e = 4 ನ௜ԉ.

解法二 গ ď৥ ᤭Đ

a1 = a+ b, a2 = c+ d, a3 = e+ a, a4 = b+ c, a5 = d+ e

႕ပ
5∑

i=1

ai = 2(a+ b+ c+ d+ e) = 10ēൎྻ a = 5− a4 − a5ēफഛࢶζವѻಬ数 b, c, d, e.

࿙น

a, b, c, d, e ≥ −1 ⇔ ai + ai+1 ≤ 6(a6 = a1)

ൎྻูඕࢶᅧܤนġ

ྸᄉ
∑

ai = 10, ai + ai+1 ≤ 6(a6 = a1)ēௐ
∏

ai 的ᆫӖᄔރᆫ໌ᄔ.

ճ {ai} ᄯઇ些นჾēઇ些นؕ的ெࣣඉৢēঢ়ܰճы的ெࣣᄚඉৢ一ᄵĢ
ߜ ai ׂၽჾ 5Ψ໹ՄԤ౨ēճဟൎඉৢ的ெࣣēׄؕγน܃cؕγนँē

యပჾ 5 Ψ໹的一ֱّ౽έܰ TēರԄൎပ ai ူ aT (i) ཞౄອලē႕௜ݾᄔ

ನ ai = aT (i)ēუಾ࿙นēߜέ२ ai ူ aT (i) ՛ܰюອ࿫的଼܊࢈ēѐࢇݲ

ճᄔέӖēୣ൑ຫᄥඨߑఏ௶ਁᆠēუّܤ߅ྻࢶඉৢڶё. ..
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ď1Đ௦܃ēѐݲนჾ

∏
ai ≤ 25 = 32

ď2Đ一ँങ܃
−x+ 2y + 2z = 10

−x+ y ≤ 6

y + z ≤ 6

⇒ xy2z2 ≤ x

(
y + z

2

)4

≤ 2 ·
(
6

2

)4

= 162

ൎྻ
∏

ai ≥ −162ēӲ {a, b, c, d, e} = {−1,−1, 4,−1, 4} ನ௜Ӿ.
ď3Đ二ँస܃ďiĐy + z ≤ 6

2y + z = 10 + 2x ≤ 12− z
⇒ 2x+ z ≤ 2

ဎ଼࢈Ϣԉ಴

x2y2z ≤
(
2

3

)3

· y2 ≤
(
2

3

)3

· 62 < 32

ď4Đ二ँస܃ďiiĐ
z ≤ 3

y ≤ 6 + x

y + 2z = 10 + 2x

⇒


x ≤ 2

y ≤ 8

z ≤ 3

႕ပ x2z2y ≤ 4 · 9 · 8 = 288ēӲ {a, b, c, d, e} = {−1,−1,−1, 4, 4} ನӒӾ.
ď5Đసँ二܃ďiĐ 

x ≤ 3

y ≤ 2

z ≤ 2

⇒ x2y2z ≤ 8 · 9 = 72

ď6Đసँ二܃ďiiĐ

y, z ≤ 2

x ≤ 8
⇒ x2y2z ≤ 29 = 512, {a, b, c, d, e} = {−1,−1,−1,−1, 9}ನӒӾ.

ď7Đങँ一܃

ဎ

x ≤ 6 + y ≤ 8

y, z ≤ 2
Ԅxy2z2 ≤ 8 · 24 < 288

ᆫӖᄔน 288ēa, b, c, d, e ྦྷұน −1,−1,−1, 4, 4 ನӒӾĢ

ᆫ໌ᄔน −512ēa, b, c, d, e ྦྷұน −1,−1,−1,−1, 9 ನӒӾ.
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2. యჾჼ数 a, b, cಾ一ّᄐ߸స߸໹的సΨЩē႕ыస၍ۦނ {a, b, c}นڂ٭స၍ᆦ.ௐᄃġճఉ࿉ڂ٭స၍ᆦ
P,QēӉၽჾჼ数 m ≥ 2 స၍ᆦڂ٭ P1, P2, · · · , Pm ರԄ P = P1, Q = Pm ய ∀ 1 ≤ i ≤ m− 1, P1 ∩ Pi+1 ̸= ∅.

证明 ճဟ०ّჾჼ数 a, bēయӉၽڂ٭స၍ᆦ༝ॹ P1, P2, · · · , Pmēਁᆠ Pi∩Pi+1 ̸= ∅ēωய a ∈ P1, b ∈
Pmē႕ы a, b ԉޮēޚน a ∼ bēມ௶ပ

1ĕa ∼ b ⇒ ka ∼ kbēᄚ༓ߜ༝ॹᄯ的ᄐ߸స߸໹ΨЩ՛έю k Ϳ.
2ĕa ∼ b, b ∼ c ⇒ a ∼ cēᄚ༓ߜ༝ॹॕࢶއࠄ.
3ĕ{2k + 1, 2k(k + 1), k2 + (k + 1)2} นڂ٭స၍ᆦē࿙Ү 2k + 1 ∼ 2k(k + 1)ē௜ 2k + 1 น୥ഭ数ē႕

2k + 1 ԉޮဟٗ໌ഭ数的ѐݲēڢઌωॆဈ (1) Ԅēൎပ数՛ԉޮဟ੶ّࢶ 2 的ੂұ.
4ĕࢩГ {3, 4, 5}, {5, 12, 13}, {12, 16, 20}, {15, 20, 25}, {7, 24, 25}, {10, 24, 26}, {6, 8, 10} ᄉ 2k ∼ 2k+1, k ≥ 2.
5ĕມ௶ 1, 2 Ϣͧۃၽఉڂ٭ۥస၍ᆦᄯ.
6ĕ҂ॴ 1, 2 ఉۥ०ّ数՛ԉޮဟ 2 的੶०ّੂұ 2a, 2b, a, b ≥ 2ēუ०ّੂұٔ࡬ (4) ԉޮဟ 2max(a,b)ē

࿙Үбڶ 2 的数՛ԉޮēճఉۥ०ّڂ٭స၍ᆦ P,Qēၽ P,Q ᄯדιఉ௜一ّ数ޚน a, bē௶܊ၽ P,Q ᄯЌ

దರԄ a ∼ b ԉޮ的ڂ٭స၍ᆦ༝ॹރԄӾඕંྑௐ的༝ॹ.

3. △ABC ᄯēAB < AC,O นෳ໯ēD ಾ ∠BAC ຬ౨一ԤēEד଼ ၽ BC ౨ēਁᆠ OE ∥ AD,DE⊥BCē

ၽ౽ຬ EB ౨௜Ԥ K ਁᆠ EK = EAē△AKD ෳࠄၕူ BC ߬ဟখ一Ԥ P ̸= Dē△ADK ෳࠄၕူ △ABC

ෳࠄၕ߬ဟখ一Ԥ Q ̸= A. ௐᄃġPQ ူ △ABC ෳࠄၕອ஭.

证法一 ď๓ߞᨫĐ

ಁ O2 น ⊙(AKD) ෳ໯ēF น AD ူ ⊙O ߬Ԥē႕ອ஭ԉޮဟ ∠PQA+ ∠ABQ = 180◦.
ᅟ࿉Ӿ ∠PQA+ ∠AKP = 180◦ēൎྻ੡ඕԉޮဟ ∠AKP = ∠ABQ.
ࠄॕ OO2, OE,O2E.

ᅟ࿉Ӿ OF⊥BCēൎྻပ OF ∥ EDēൎྻങΨ໹ OFED น଼໻ങΨ໹Ģ

ୣұပ AO = OF = DEēൎྻပങΨ໹ AOED นԉ྅ඐ໹.
ᅟ࿉Ӿ O2A = O2Dēൎྻ O2 ၽ OE ᄯҜຬ౨ēൎྻပ △O2OE นԉ྅స߸໹.
ᅟ࿉Ӿ ∠ABQ =

1

2
∠AOQ = ∠AO2O + ∠O2AOĢ

ရ EO2⊥AK,ED⊥KCēൎྻ ∠AKC = 180◦ − ∠O2ED = 180◦ − ∠O2OA = ∠ABQ.
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证法二 ഑াד๥ġຕЧೋᆫᆑ௶的഑া – ່Ԥ֥ ďࠡ थĐ

ྸᄉඨߑ৛ပ些؏ၶēຕٔ࡬ඕ࿉ဈѤڟᆴѻᅹ௲的෍໹ēसۥދّْࠓ၍ഭ的ಓюڶё.

1Đຕᆴၕ Oēఉ௜సԤ AcBcC ರԄ AB < ACē

2Đڶ O ᆴ BC Ҝຬ߬Ϣۃ A 的÷BC ဟ Sē႕ AS น ∠BAC ຬēד଼߸

3Đڶ E ᆴ BC Ҝຬ߬ AS ဟ Dē

4Đၽ౽ຬ EB ౨௜Ԥ K ਁᆠ EK = EAē

5Đᆴ △ADK ෳࠄၕ߬ BC ဟԤ Pē߬ၕ O ဟԤ Qēॕ PQē෍ఢຏൎವ

ຏੋဎڴࠒద್ࢶ࠰ટඹ່ڶԤܤ߅෍໹.

၀ᄃ PQ นၕ O ஭ຬēއᄃ ∠CQP = ∠CAQ.

ဎ A,B,C,Q，A,K,P,Q ٫ၕԄ

∠CQP = ∠AQP − ∠AQC = (180◦ − ∠AKP )− (180◦ − ∠ABP ) = ∠ABP − ∠AKP = ∠BAK

Ҷ֗༓ᄃ ∠BAK = ∠CAQēუ່ྂ࡜௠ॴԤ Pēუಾ一ّࠩႺ的γᄝē഑া࿫؞ပ๰ฌ.

່௠ PēҶ֗ԄӾຏ෍ġ

...
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၀ᄃ ∠BAK = ∠CAQē֗ມ௶ ∠ABK = ∠AQCēҶ֗ △ABK ∼ △AQCē෍໹ᄯມ௶ᆫ܊ಓю的ಾԤ

Qē൑ᆫઔ੍೭ē൑ಾ०ၕ߬ԤēӬಾ A,K,D,Q ٫ၕ۳ઔဈē֗ △ABK ∼ △AQC ۳ۚဈ.

ৎӾԤࢩ Q 的ท一໿ࢩྻࢶৎဈල一֥ēއၽၕ O ౨௜ Q′ ರԄ ∠ABK = ∠AQ′Cēຏੋᄚ༓ᄃੜ

A,K,D,Q′ ٫ၕࢶއēఢຏ෍ġ

ဎ △ABK ∼ △AQ′C ᄉ AQ′ ·AK = AB ·ACĢ
ဎ ∠ABK = ∠AQ′C ރ AD น ∠BAC ຬᄉד଼߸ ∠DAK = ∠DAQ′ = θ.

၀ᄃ A,K,D,Q′ ٫ၕēӺ߸๰ฌੑਈēຸӾॴ෡ठੁՇस的઩Շस – సຟՇसēއ༓ᄃ

AK · sin θ +AQ′ · sin θ = AD · sin 2θ

̼ AQ′ ӝదēဎ二Ϳ߸公಴އ༓ᄃ

AK +AB ·AC/AK = 2AD · cos θ

ᄃއ

AB ·AC = 2AD ·AK cos θ −AK2

უ່ྂ࡜௠ॴqඉཪr的Ԥ Q′ēԄӾຏ෍ġ

...
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Үನ෍ோᇆߎē෍໹ྸ࠼Ϣટࠓܤē࡜Ρ༖ੋճԤ D ཙࡎԤ D 的໿ᄩॴ.

ဎྸᄉ OE ∥ AD,OS ∥ DEē႕ OSDE น଼໻ങΨ໹ēҶ֗ DE = OS = R นၕ O ēუّ໿ᄩ۳ࡅ͖

.۳ᄷྑ؞ӦēӬಾ۳ମ४ē࿫߅

ຏੋޟ༣ד๥ંγēއᄃ

AB ·AC = 2AD ·AK cos θ −AK2

的಴ᆐ۳຾ဥຟՇसēဎဥຟՇसēҶ֗༓ᄃੋ܊

AB ·AC = DA2 −DK2

แਬ๰ฌဈӾඨߑ EK = EA ރ DE = Rē႕ၽ △KDE ᄯဎڂ٭Շसē༓ᄃ

AB ·AC = DA2 − EK2 − ED2

ᄃއ

AB ·AC = DA2 − EA2 − ED2

ၽੋ܊ △ADE ᄯēရಾ一ّဥຟՇसēҶ֗༓ᄃ

AB ·AC = 2AE ·DE sin∠AEB = 2R ·AE sin∠AEB

Ӿࢡ AE sin∠AEBēᆑ௶的഑াಾᆴѻغຬ AZēҶ֗༓ᄃ

AB ·AC = 2R ·AZ

უ່ྂ࡜௠ॴԤ D,E,KēԄӾఢဗ෍的ݮ·෍໹ġ

౨೭ڴࠒಾ一ّׄШ߅Ӧ֗Шߎ的࠼ԥڴࠒēॆྻࢶޛဈჾຟՇसēྙྻࢶဈອഛ.

ैఢဎჾຟՇस

AB ·AC = 2R sinB ·AB = 2R ·AZ

Ҷ֗෻юॴᄃੜ.

...
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ຏੋ̼ື຅ڶёೠໟఢຏġ

证明 ఢ෍ēၽၕ O ౨ᆴ Q′ ರ ∠BAK = ∠CAQ′ēಁ ∠SAK = θēAD ߬ၕ O ဟ Sēᆴ AZ⊥BC ဟ Z.

ဎྸᄉ OE ∥ AD,OS ∥ DEē႕ OSDE น଼໻ങΨ໹ēҶ֗ DE = OS = R นၕ O ē႕ࡅ͖

AB ·AC = 2R sinB ·AB = 2R ·AZ = 2AE ·DE sin∠AEB = 2R ·AE sin∠AEB

= DA2 − EA2 − ED2 = DA2 − EK2 − ED2 = DA2 −DK2

= 2AD ·AK cos θ −AK2

ဎ △ABK ∼ △AQ′C ᄉ AQ′ ·AK = AB ·ACĢ

ဎ ∠ABK = ∠AQ′C ރ AD น ∠BAC ຬᄉד଼߸ ∠DAK = ∠DAQ′ = θē႕

AK · sin θ +AQ′ · sin θ = AD · sin 2θ

ဎ෡ठੁՇस的઩Շस – సຟՇसᄉ A,K,D,Q′ ٫ၕēڃ QcQ′ ᄷۦēڃ

∠CQP = ∠AQP − ∠AQC = (180◦ − ∠AKP )− (180◦ − ∠ABP )

= ∠ABP − ∠AKP = ∠BAK = ∠CAQ

Ҷ֗ PQ นၕ O 的஭ຬ.

注 Үඕಾ۳ۚ的一ّඕંēࢡᆂ෍຾Αࠀ؏ၶēఢڴఊყד๥ēຸӾॴݹᅣՇस的ݮ·໿ᄩ – ઒ݾԤ S

的໿ᄩē一Ϥ一Ϥชຏד๥ēઔէܮϢಾ۳Ӗ的.

...
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第二天

4. ٓՇ一ّЩᅀူիᅀϢԉЩ的෧ၕ.

ď1Đᄃੜġୣੋݲᆫ໌的ෳ஭的ঋ໹ಾท一的Ģ

ď2ĐໟѻဈѤڟᆴ෍ᆴѻუّঋ໹的ڶё. ďྍϐำĐ

证明 ď1Đಁ෧ၕ的ֺёಾ ax2 + cy2 = 1ēუऺ c > a > 0ēങّՄԤྦྷұน A,B,C,Dēങّ஭Ԥྦྷұ

ιนד E,F,G,Hēუྂဎဟ EFGH ಾ଼໻ങΨ໹ēൎྻ E ҉的஭ຬ଼໻ဟ G ҉的஭ຬē֗०ඨ஭ຬדι

น axEx + cyEy = 1 ۤ axGx + cyGy = 1ēუྂ xE : yE = xG : yGďݧᆚᆵγලನน 0Đēუྂ EG ၐԤēڶ

އྙ E ۤ G ဟၐԤճыĢලसڑ F ۤ H ဟၐԤճыĢڑ

แਬࠓѻ B ԤᆵγġB ၽ E ۤ F 的஭ຬ߬Ԥ౨ēუྂ

axExB + cyEyB = 1 = axFxB + cyF yB

ൎྻ

a(xE − xF )xB = −c(yE − yF )yB

֗ලसแਬပ

a(xF − xG)xC = −c(yF − yG)yC

ճы໿ပۦࠒ

a(xF + xE)xC = −c(yF + yE)yC

०಴ອѐēԄ

a2(xE − xF )(xF + xE)xBxC = c2(yE − yF )(yF + yE)yCyB

֗ဎဟঋ໹ճ߸ຬܚອҜᄐēൎྻ xBxC = −yByCēެಁ xBxC = −yByC ̸= 0ē那ਙ

a2(x2
E − x2

F ) + c2(y2E − y2F ) = 0

֗

a(x2
E − x2

F ) + c(y2E − y2F ) = 1− 1 = 0,

ఢڴ x2
E − x2

F ̸= 0, y2E − y2F ̸= 0ē०಴ᆐྭົອ҂Ԅ
a2

a
=

c2

c
ēუྂ a = cē෧ၕಾၕē਑ջĈ

ఢڴ x2
E − x2

F = y2E − y2F = 0ēუྂ |xE | = |xF |, |yE | = |yF |ēუഊੜ E ۤ F ဟ੶ඨᆵγᅀճыďဎဟڑ

F ̸= GĐēუྂ E ۤ F ҉஭ຬڑဟᆵγᅀճыēൎྻ B ၽᆵγᅀ౨ēუۤ xBxC = −yByC ̸= 0 ਑ջēൎྻ

xBxC = yByC = 0ēҮನ B ۤ C ՛ၽᆵγᅀ౨ēලस A ۤ D ՛ၽᆵγᅀ౨.

Ϣಁ־ A ၽ x ᅀჾ͖ᅀēB ၽ y ᅀჾ͖ᅀēҮನঋ໹的ੋݲԉဟ 2xAyBē֗ဎဟ A ۤ B ՛ၽ E ҉的஭

ຬ౨ēൎྻ axAxE = cyByE = 1ēࠓԄ

2xAyB =
2

acxEyE
≥ 4√

ac(ax2
E + cy2E)

=
4√
ac

ԉ号юोඨߑಾ ax2
E = cy2EēҮನ xA =

√
2

a
, yB =

√
2

c
ē

އ A ۤ B ୾ۚนྻၐԤนสഛᄯ໯ē
√
2 Ϳสഛέܰ܊的෧ၕۤᆵγᅀ的߬ԤēൎྻӉၽท一ēއᄃ.

解 ď2ĐຕഊੜġರဈѤڟᆴ෍ಠ໻
√
2 Ϳสഛέܰ的ڶёġྻสഛᄯ໯ O ۤંγԤ A น一Ψᆳჾֺ໹

OABCēၽ OA ౨ࠉ௜ OA′ = OB.

1. ᆳ 2 ᆦ଼໻ຟ P1P2, P3P4 ۤ P5P6, P7P8ēᄯԤדιน M1,M3,M5,M7Ģ

2. ࠄॕ M1M3 ߬ M5M7 ဟ OĢ

...
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3. ڶ O ఉᆴ一ၕ߬෧ၕဟങԤ Q1, Q2, Q3, Q4Ģ

4. ڶ O Ԥᆴຬխ Q1Q2 的଼໻ຬۤҜຬדι߬෧ၕဟ A1, C1;B1, D1Ģ

5. ྻ O นᄯ໯ē
√
2 นสഛΑēճ A1, C1, B1, D1 ಠ໻สഛέܰԄӾ A,C,B,DĢ

႕ങΨ໹ ABCD .นൎௐއ

แਬຏੋᄃੜუّಾਁᆠඨߑ的ēມ௶უّങΨ໹ಾঋ໹.

ຏੋᄃੜ࿤सġ一ّ෧ၕ的०ඨ଼໻ຟ P1P2, P3P4ēᄯԤ M1M3 ॕຬڶ෧ၕၕ໯.

引理的证明 ಁ෧ၕ的ֺёน Ax2 + Cy2 = 1ēᄐຬ的ֺёಾ y = kx+ b1, y = kx+ b2ďໜ৑ϢӉၽݧน

0 ನ଼֯Đ.

ಁ Pi(xi, yi)ē႕ Ax2
1 + Cy21 = 1 = Ax2

2 + Cy22ēອ߈Ԅ A(x1 + x2)(x1 − x2) = C(y1 + y2)(y2 − y1).

ဎဟ y2 − y1 = k(x1 − x2) ̸= 0ēӝదԄ A(x1 + x2) + C(y1 + y2)k = 0ēࠓԄ
yM1

xM1

= − A

Ck
.

ලस
yM3

xM3

= − A

Ck
ē੡ඕއᄃ.

Ӿၐඕēუྂݍ O Ԥน෧ၕၕ໯ēဎဟ෧ၕۤၕ՛ಾڑဟ०ඨᅀ的ᅀճы෍໹ē߬ဟങّԤēൎྻങّԤ

००ڑဟᆵγᅀճыēൎྻອঃ的०ّԤ଼໻ဟ੶ඨᆵγᅀ.

უྂแਬᆳѻ的 AC ۤ BD ēᆫ໌的ঋ໹Ӊၽท一ēயՄԤಾၽᆵγৢࠒ第一ู࡬ಾᆵγᅀॴē֗ٔ࡜

ᅀ౨ē࡯शၐԤ
√
2 Ϳ的ճ࿫͖ᅀ的Щէēဟಾ੡ඕއᄃ.

5. ٓՇ一ّ n× n 的ֺٌζēਤٌّᆐᄯඡద一ّჼ数ēਤұЀᆴ༪႔一ֺٌّēୣߜල໻cලॹ的 2n− 1

ّ数՛ަ 1ĕௐᆫ໌的 N(n)ēರԄํৢࢗಳನֺٌζઝ数ඡ的ಾտ౲ēྻࢶ࢈ඹڶပຫұЀᆴರԄֺٌζઝᄠ

౲ပ N(n) ّ૝数. ď৥ ᤭Đ

解 Ӳ n ಾ૝数ನēN(n) = n2ĢӲ n ಾ୥数ನēN(n) = n2 − n+ 1.

೎ຕٲႏ一些Ѐᆴᆦۦġ

• ಁ༪௜ (i, j) สᄢ的ֺٌൎࠩ໻的Ѐᆴน C(i, j)ēୣᄯ 1 ≤ i, j ≤ n.

• C(i, j), C(i, j′), C(i′, j), C(i′, j′)ۦωԄӾ؟έങّสᄢ (i, j), (i′, j), (i, j′), (i′, j′)的ЀᆴēޚนD(i, i′, j, j′).

• C(i, j), C(i, j′) ԄӾ؟έ j, j′ ०ॹēӬϢ؟έ (i, j), (i, j′) ୥૝໿的Ѐᆴēޚน E(i, j, j′).

• Ӳ n ಾ૝数ನēE(i, j, j′) ၽ०ॹ౨ْ؟έॴ n − 1ď୥数Đٌّᆐ的୥૝໿ē؏ۦ (n − 2)/2 ّ

D(i′, i′′, j, j′) ЀᆴēྻࢶԄӾᄚ؟έ੶०ّďල໻Đٌᆐ (k, j), (k, j′) ౨୥૝໿的Ѐᆴēޚน F (k, j, j′).

• Ӳ n ಾ૝数ನēලसࢶԄӾ؟έ०ّලॹٌᆐ୥૝໿的Ѐᆴޚน G(k, k′, j).

• Ӳ n ಾ૝数ನē一ّ C(i, j)ēଅۦ n/2 ّ F फЀᆴēރ n/2 ّ G फЀᆴēྻࢶԄӾᄚ؟έ一ٌّᆐ୥

૝໿的Ѐᆴē࿙ҮუನఉۥѺಳெࣣྻࢶԄӾ௦ಾ૝数的ֺٌζ.

• Ӳ n ಾ୥数ನēඹڶ D(1, i, 1, j) फ໸的Ѐᆴēࢶರൎပ的୥数สဟ第一໻ݧ第一ॹē௶܊༪႔ࠩ໻ݧრ

Ϣࠩ໻ C(1, 1) Ѐᆴēྻࢶರ୥数ᆙ数Ϣбڶ n− 1.

Ӳ n ಾ୥数ನēਤّ C(i, j) Ѐᆴఉۥ०໻的ωނᄯ૝数ٌّᆐē࿙Ү०໻ωނᄯ的୥数ّ数୥૝໿ϢέĢ

ලस०ॹωނᄯ୥数ّ数୥૝໿Ϣέ.

௜Ѻಳᅱൟนġ第一ॹน୥数ēୣ൑ൎပ数น૝数. Ѻಳ第一ॹ୥数ّ数ူୣ൑ॹϢලēൎပ໻୥数ّ数
ອල. ೯第一ॹပࠒಁ a ّ୥数Ģ

• య a ಾ૝数ē႕第 2 Ӿ n ॹਤॹပ୥数ّ୥数ē࿙Үᆙ数ᄠ౲ n− 1 ّ୥数Ģ

• య a ಾ୥数ē႕第 2 Ӿ n ॹਤॹပ૝数ّ୥数ēൎပ数ᆙۤน୥数Ģ࿙นਤ໻୥数ّ数୥૝໿ອලēֺ

ٌζᄯ୥数ᆙ数୥૝໿ူਤ໻୥数ّ数୥૝໿ອලē࿙Үਤ໻ပ୥数ّ୥数ēᆙ数ᄠ౲ n ّ୥数Ģ

...
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ᆘ౨ൎ೭ēӲ n = 2k ಾ૝数ನēྻࢶЀᆴರൎပ数น૝数ēN(2k) = 4k2ĢӲ n = 2k+1 ಾ୥数ನēྻࢶ

Ѐᆴರ୥数ّ数Ϣбڶ n− 1ē֗யӉၽѺಳᅱൟರ୥数ّ数Ϣટٗ໌ēN(2k + 1) = 4k2 + 2k + 1.

6. ಁԤ P1, P2, · · · , P2018 ׂၽٓՇჾ๔Ψ໹的ઝϦݧΨ࠘౨ĕௐൎပ的ׂᄢֺ಴ರԄ

S =
∑

1≤i<j≤2018

|PiPj |2

௜ӾᆫӖᄔĕ ď৥ ᤭Đ

引理 1 x2 − 5y2 = −4 的ჾჼ数ࠓē՛ဎᤡϏ那୴数ॹ F1 = F2 = 1, Fn+1 = Fn + Fn−1 ᄯ੶ອঃ०ົζ

ವน x = 2Fn + Fn+1, y = Fn+1ēୣᄯ n น୥数.

证明 x2 − 5y2 = −4ē႕ (9x− 20y)2 − 5(9y − 4x)2 = x2 − 5y2 = −4ēޚ x1 = 9x− 20y, y1 = 9y − 4x.

• x1 > 0 ⇐⇒ 9x > 20y ⇐⇒ 81x2 > 400y2 ⇐⇒ 405y2 − 324 > 400y2 ⇐⇒ y > 8Ģ

• y1 > 0 ⇐⇒ 9y > 4x ⇐⇒ 81y2 > 16x2 ⇐⇒ 81y2 > 80y2 − 64ēᆙюोĢ

• x1 < x ⇐⇒ 8x < 20y ⇐⇒ 4x2 < 25y2 ⇐⇒ 20y2 − 16 < 25y2ēᆙюोĢ

• y1 < y ⇐⇒ 8y − 4x < 0 ⇐⇒ 4y2 < x2 ⇐⇒ y > 2Ģ

࿙Үֺёਁᆠ y > 8 的ჾჼ数ࠓēᆙಾટԄӾٗ໌的ჾჼ数ࠓ. ճဟ y ≤ 8ēིᄃပࠓ (1, 1), (4, 2), (11, 5)ē

უ些՛ਁᆠ x = 2Fn + Fn+1, y = Fn+1, n = 1, 3, 5. ౨೭Ԟ෗ڶё੍ྻࢶ೭น

(x+
√
5y)(9− 4

√
5) = (9x− 20y) +

√
5(9y − 4x)

ୣ઩Ѐᆴน

x = 9(9x− 20y) + 20(9y − 4x), y = 9(9y − 4x) + 4(9x− 20y)

౨೭Ѐᆴຏ

9(2Fn + Fn+1) + 20Fn+1 = 18Fn + 29Fn+1 = 11Fn+1 + 18Fn+2 = 7Fn+2 + 11Fn+3

= 4Fn+3 + 7Fn+4 = 3Fn+4 + 4Fn+5 = Fn+5 + 3Fn+6

= 2Fn+6 + Fn+7

࿙ҮҶ (1, 1), (4, 2), (11, 5) .ࠓಳԞ෗୾ۚԄӾඕᄯဈᤡϏ那୴数ॹ੍೭的ࢗ

引理 2 x2 − 5y2 = −4, y ≤ 1009 的ჾჼ数ࠓนġ

(1, 1), (4, 2), (11, 5), (29, 13), (76, 34), (199, 89), (521, 233), (1364, 610)

引理 3 య n ّԤނᄯၽჾ 5 Ψ໹的 5 ّՄԤ౨ē႕Ӳ൑ਬ的ᄷ໯Ӿჾ 5 Ψ໹ᄯ໯࡯शᆫ໌ನēӉၽ 5
ّՄԤ的一ّঢ়ܰഈ༝ē5 ّՄԤ౨的ՄԤّ数ྦྷұಾ a, a, b, c, bēୣᄯ a, b, c ಾჾჼ数ē2a+ 2b+ c = n.

证明 5 ّՄԤ̟Ԥ数୥૝໿ැౄ.5 ّԤఉ࿉ැ०ౄēᆙပͬћཞౄ的ֱ౽ճы໿ēߜҮֱ౽ຏճ࿫的०
ՄԤ౨Ԥ数ௐ଼࢈ďճыԤ୥૝໿ອලͬᄃ଼࢈นჼ数ĐēԄӾ n ّԤ的一ᄵׂᄢĢ໭的ׂᄢ的ᄷ໯ಾׂࡘᄢ

ᄷ໯ֱୣރ౽ׂᄢᄷ໯的ᄯԤē࿙Ү࡯शჾ 5 Ψ໹ᄯ໯Ϣၙٗݖ.

引理 4 ಁ຿२ X1, X2, · · · , Xn 的സ೬଼࢈ďᄷ໯Đน X∗ =
1

n

n∑
i=1

Xiē႕ճఉۥ຿२ Yēပ

n∑
i=1

|Y −Xi|2 =
n∑

i=1

|Xi −X∗|2 + n|Y −X∗|2.

...
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证明 ຿२ރ A,B 的ઝݲน (A,B)ēٔ࡬ઝݲ的ճы໿ēഀຬ໿໿ᄩēރ |A|2 = (A,A)ēပ

n∑
i=1

|Y −Xi|2 =
n∑

i=1

(Y −Xi, Y −Xi) =
n∑

i=1

(Y, Y )− 2(Y,Xi) + (Xi, Xi)

= n(Y, Y )− 2n(Y,X∗) +
n∑

i=1

(Xi, Xi) = n|Y −X∗|2 +
n∑

i=1

(−(X∗, X∗) + (Xi, Xi))

= n|Y −X∗|2 +
n∑

i=1

((X∗, X∗)− 2(X∗, Xi) + (Xi, Xi)) = n|Y −X∗|2 +
n∑

i=1

|Xi −X∗|2

CMO201806 Ϡѩᄃੜġٔ࡬࿤स4ēճఉۥ Piē

S = 2017|Pi − P ∗
i |2 +

∑
j ̸=i

|Pj − P ∗
i |2 +

∑
j<j′,j ̸=i,j′ ̸=i

|Pj − Pj′ |2

ୣᄯ P ∗
i =

1

2017

∑
j ̸=i

Pj น҂௠ Pi 的ୣဥԤ的ᄷ໯. ࿙ҮӲ S ӒӾᆫӖᄔನēPi ၽӾ P ∗
i ᆫၙ的一ّԤ౨ēΡ

௶ಾჾ๔Ψ໹的一ّՄԤ. ࿙Үਤّ Pi, i = 1, · · · , 2018 ՛ၽჾ๔Ψ໹的੶ّՄԤ౨ēϢಁ־ჾ๔Ψ໹ઝࠄဟӦ
สၕ.

ॆဈ࿤स4फഛ的ޙസēޚ n = 2018ēӲ Pi ՛ಾჾ๔Ψ໹ՄԤನ

2S =

n∑
i,j=1

|Pi − Pj |2 = 2n

n∑
i=1

|Pi|2 − 2

n∑
i,j=1

(Pi, Pj) = 2n2 − 2n2(P ∗, P ∗)

ୣᄯ P ∗ =
1

n

n∑
i=1

Pi นᄷ໯ē࿙Ү S ӒӾݾӖᄔӲயࠧӲ |P ∗
i | ӒӾ໌ݾᄔ.

࿤स3ēӲ࡬ٔ S ӒӾᆫӖᄔನē5 ّՄԤ౨Ԥ数࡮ပ一ֱّ౽ճы໿ēಁࢶՄԤ数ྦྷұಾ a, a, b, c, bēୣ

ᄯ 2a+ 2b+ c = n. Ϣಁ־؏଼ੋ౨的 1 ಾჾ๔Ψ໹一ّՄԤē౨ੋပ c ّ Pi ᄯ的Ԥē႕

nP ∗ = 2a cos
4π

5
+ 2b cos

2π

5
+ c = −

√
5 + 1

2
a+

√
5− 1

2
b+ c

=
1

2

(
4036− 2a− 2b−

√
5(a− b)

)

ޚ x = 4036− 5a− 5b, y = a− bē႕౨೭࡯श 2 Ϳน x−
√
5y =

x2 − 5y2

x+
√
5y
ēୣᄯ

x2 − 5y2 ≡ 1 (mod 5), x2 − 5y2 ≡ 0 (mod 4)

࿙Ү x2 − 5y2 = −4 რݧ |x2 − 5y2| ≥ 16.

య x > 0ē႕ a+ b ≤ 807ēဟಾ |y| ≤ a+ b ≤ 807Ģ

య x ≤ 0ē႕ x ≥ 4036− 5 ∗ 1009 = −1009ēဟಾయ |x−
√
5y| < 1 ď۳ఘ྾ӒӾĐē႕ |y| < 500.

Ӳ x2 − 5y2 = −4 ನēٔ࡬࿤स2ēਛࡨუྂ的ࠓēೋི y = 233, x = 521 Ԅࠓ a = 468, b = 235Ģ

Ӳ y = 610, x = 1364 ನēa, b ē࿙Үუನࠓํ |x−
√
5y| ᆫ໌ᄔၽ a = 468, b = 235 ನ௜Ӿēୣᄔน

4

521 + 233
√
5
≤ 2

521

Ӳ |x2 − 5y2| ≥ 16 ನē|x−
√
5y| = |x

2 − 5y2

x+
√
5y

| ≥ 16

1 + 2
√
5|y|

≥ 16

5 ∗ 807 + 1
>

2

521
.

ᆘ౨ൎ೭ēඕંᄯ的ᆫ໌ᄔၽჾ๔Ψ໹ 5ّՄԤ౨Ԥ数ďၽ੶ّঢ়ܰഈ༝ຏĐྦྷұน (468, 235, 612, 235, 468)

...
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ನӒӾ.

注

• 第一ұ·ఆď৥᤭Đٓѻ的ӓ̣ಾӐ的ēث໦ྍϐำ֟ຣ.

• ᅧܤюᄷ໯੦Щᆫ໌ēუऺဈ຿२ໟďϢဈ؏数Đྻࢶುغۦป޷ࣂēუ一Ϥಾ第一ّߏڑᄍ҉ēူ࠼
ྍϐำඉৢԄᄉ.

• ॆဈճы໿߈ྻࢶ౲έ२Ӿ०ّēუّޏ஦ၽࠢભ CMO 第一ඕแ的ྙ֥ࠓဈӾॴ.

• ဈํோԞ֥ߦඉৢ Pell ֺё的ൎပࠓಾඹဈ的ֺ֥.

• ڴᄍ҉ၽဟ֟ຣఢߏڑӓ的第二ّࠓ x2 − 5y2 Ϣಾ −4ē႕ࢇճᄔᄠ౲ಾ 16ēუܤ߅ॴճୣ൐ெࣣ的૦
҂.

• უّࠓӓ·ఆၐҗ഑া۳౲ēׂ౨ࣿҢนॴ༉ჾᄍ஍的.

...
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